The iso-frequency contours of a photonic crystal are important for predicting and understanding exotic optical phenomena that are not apparent from high-symmetry band structure visualizations. Here, we demonstrate a method to directly visualize the iso-frequency contours of high-quality photonic crystal slabs that shows quantitatively good agreement with numerical results throughout the visible spectrum. Our technique relies on resonance-enhanced photon scattering from generic fabrication disorder and surface roughness, so it can be applied to general photonic and plasmonic crystals, or even quasi-crystals. We also present an analytical model of the scattering process, which explains the observation of iso-frequency contours in our technique. Furthermore, the isofrequency contours provide information about the characteristics of the disorder and therefore serve as a feedback tool to improve fabrication processes.
While band structures are useful for understanding and predicting the optical properties of photonic crystal (PhC) slabs, they are typically calculated or measured only along high-symmetry directions because of computation and time constraints. A more comprehensive understanding of a PhC slab lies in its iso-frequency contours: slices in 2D momentum space (k x , k y ) of constant frequency ω. In particular, iso-frequency contours are essential for understanding phenomena that depend on the direction of group velocities, such as negative refraction [1] , super-collimation [2, 3] and super-lensing [4] . However, obtaining iso-frequency contours is not trivial, and current experimental techniques involve low-quality samples with strong disorder [5] , additional fabrication steps [6] , or sophisticated experimental setups [7] .
As an alternative, we demonstrate direct imaging of iso-frequency contours using resonance-enhanced photon scattering arising from minimal, intrinsic fabrication disorder in a "pristine" sample. The experimental isofrequency contours show good quantitative agreement with numerical results throughout the visible wavelength regime. To understand the underlying physical process, we use temporal coupled mode theory [8] [9] [10] to show that scattering is enhanced for on-resonance photons and that the angular distribution of scattered photons recreates the iso-frequency contours in the far field. Resonanceenhanced scattering has been used to study localized photonic modes [11] [12] [13] , but we show that this scattering process can also be used to probe large-area, delocalized resonances and the corresponding iso-frequency contours.
Additionally, our results show features that reflect information about the characteristic fabrication disorder in a PhC slab and thus serve as a feedback method for improving the fabrication processes. This technique may also be extended to quasi-crystals and provide an experimental route to obtain their iso-frequency contours, which are quite challenging to obtain using current numerical tools.
Direct Imaging of Iso-frequency Contours
The direct imaging mechanism relies on a simple process (Fig. 1a) . We excite a PhC slab resonance using incident light at the proper frequency ω and in-plane wavevector (k x , k y ). The natural disorder in the sample scatters light in this resonance to resonances at other wavevectors, depending on the spatial Fourier coefficients of the fabrication disorder. These resonances then radiate photons, which recreates the iso-frequency contour in the far field. By scanning the frequency of the light source and tuning the incident angle accordingly, we can visualize iso-frequency contours throughout the visible spectrum. A quantitative description of the resonance- The removable screen has slits for the incident and the specularly reflected beams, but it blocks scattered light, showing the projected iso-frequency contours. For a later experiment, the screen and bandpass filter are removed so broadband scattered light can couple into the spectrometer for enhanced-scattering measurements.
(SCS: supercontinuum source; SCS and bandpass filter could be replaced with a laser.)
enhanced scattering process will be presented in the next section.
To demonstrate this technique, we fabricated a holearray PhC slab and observed the distribution of scattered photons. A large-area PhC slab was fabricated using interference lithography [14] . As shown in Figure 1b , a high-quality square lattice of cylindrical air holes with radius 103 nm and periodicity 336 nm were patterned into a Si 3 N 4 slab of thickness 180 nm on top of a SiO 2 substrate. The sample was then mounted in a demountable liquid cell filled with liquid of refractive index n liquid = 1.46, which was then placed on a rotation stage (Newport) for precise control over the incident angle (Fig. 1c) . Because we use liquid with the same refractive index as the SiO 2 substrate, our sample has up-down mirror symmetry and thus we can separate the resonances into TM-like (oddin-z) and TE-like (even-in-z) modes. The sample was then excited with a broadband supercontinuum source (SuperK, NKT) and a narrow (10 nm) band-pass filter, as shown in Figure 1c , or with a narrow-linewidth laser. A polarizer was placed along the beam path to select either s-or p-polarization. For this experiment, we chose an s-polarized source and chose the incident angle to excite the TM-like resonance. We placed a removable paper screen in front of the sample, with a slit for the incident and reflected beams to pass through. For each wavelength, we used a CMOS camera (Thorlabs DDC1645C) to take an image of the screen that clearly shows the angular distribution of the scattered photons. Examples of photon distribution are shown in Figure 2 with excitation wavelengths of 488 nm, 514 nm, 532 nm, 550 nm, 580 nm, 600 nm, 610 nm, and 620 nm. Contours for 488 nm and 514 nm were created with an argon laser (Modu-laser, Stellar-Pro), and the others were created using the supercontinuum source with bandpass filters.
We also computed iso-frequency contours for the same frequencies by simulating the band structure ω(k x , k y ) using MEEP [15] , a freely-available finite difference time domain (FDTD) software package, and COMSOL, a finite element analysis (FEA) software package. MEEP and COMSOL were used for different frequency ranges to avoid simulation artifacts, which are common when simulating a wide range of angles and frequencies. Our experimental results (Fig. 2 , lower panels) show quantitative agreement with the numerical iso-frequency contours for the same wavelengths ( Fig. 2 , upper panels), with a small, systematic difference in angle present in the experimental setup that can be avoided with a careful angle calibration.
Resonance-Enhanced Scattering
To better understand the imaging technique, we present a theoretical treatment of the resonanceenhanced scattering process. It is well known that macroscopic optical resonances can be used to trap light and therefore enhance non-radiative process, like optical absorption. This leads to intriguing physical phenomena, such as coherent perfect absorption [16, 17] , critically coupled resonators [18] , and complete photon absorption in a graphene monolayer [19] . However, the possibility of using large-area resonances to enhance scattering, another type of non-radiative process, remains largely unstudied. In this section, we consider a general PhC slab and compute the enhancement of scattered light from intrinsic fabrication disorder and surface roughness under both on-resonance and off-resonance conditions.
An effective tool to understand this process is the temporal coupled-mode theory (TCMT) [8] [9] [10] . Consider a collimated beam incident on the PhC slab that excites a resonance. We treat the Rayleigh scattering from the disorder of the slab as a non-radiative decay channel for the resonance. For high-quality PhC slabs made of lowloss dielectrics, the absorptive decay channel is negligible [14, 20] . When the scattering is weak and lifetime of the resonance is sufficiently long, we can approximate the • , (c) −8.0
• , and (i) −15.4
• . The dark, horizontal line in the middle of the experimental contours is the slit in the screen for the incident and the specularly reflected beams to pass through.
total amount of scattered light as [8] :
where P scat is the scattered power, P in is the incident power, ω is the incoming photon frequency, ω 0 is the resonance frequency, γ r is the radiative decay rate of the resonance, and γ scat is the decay rate due to scattering from disorder (Supplementary Section 1). Here we consider only one resonance in the PhC slab, but the generalization into multiple resonances is straightforward. From equation (1), the scattering rate is most efficient (P scat /P in = 50%) when the system is driven on resonances (ω = ω 0 ) and the radiative decay rate equals the scattering decay rate (γ r = γ scat ). This result agrees with the well-known results in critical coupling for absorption enhancement [18, 19, 21] . By engineering the quality of the resonances in a photonic crystal, this technique can accommodate samples with different levels of disorder. Next, we consider the angular distribution of the scattered photons, which leads to the formation of isofrequency contours in the far field. The resonanceenhanced scattering can be modeled as a three-step process. In the first step, incoming light with frequency ω excites a resonance at in-plane wavevector k in . In the second step, disorder couples the resonance at k in to resonances at other wavevectors k out = k ref + ∆k. The strength of this coupling depends on the spatial Fourier coefficient of the disorder at ∆k, |F ∆k | 2 . In the third step, resonances at k out radiate photons into the far field with outgoing angles specified by frequency ω and inplane momentum k out . The photons acquire random phases through the disorder coupling (second step), so their subsequent re-radiation (third step) can be modeled as the radiation from a collection of randomly polarized dipoles with number density of N 0 and dipole strength of µ. As a result, the decay rate into the radiation channel with in-plane wavevector k out and frequency ω depends on the spectral density of states (SDOS) [22] in the vicinity of the PhC slabs and can therefore be approximated as:
Here, µ is the electric dipole strength depending on the total power in the scattered photons, n labels different PhC resonances at a given k out , α n represents the coupling between the initially excited resonance and the final resonance mediated by the surface roughness, ∆ω (2), it is clear that scattering is maximized when the emission frequency is on-resonance with one of the resonance frequencies for a given momentum (ω = ω n kout ). Therefore, for incident • from the experimental scattering spectrum.
light with frequency ω 0 , we expect large scattering for the momenta k out that provide resonances at ω 0 . Accordingly, the highest intensity positions in the far field will correspond to the iso-frequency contours of this PhC at the frequency of ω 0 .
To experimentally demonstrate that this technique relies on resonance-enhanced scattering, we measured the spectrum of the scattered photons from the PhC slab when excited with a supercontinuum source. We removed the paper screen in the experimental setup shown in Figure 1c . Scattered photons were then collected using a lens with numerical aperture NA = 0.25 and focal length of 5 cm that was placed in front of a spectrometer with spectral resolution of 0.03 nm (Ocean Optics HR4000). The distance between the spectrometer and the lens was optimized to maximize the coupling of the scattered photons into the spectrometer. While the positions of the spectrometer and the lens were fixed during the experiment, the sample was rotated between 0 and 8 degrees from the normal direction with a step size of 0.1 degrees. Throughout this measurement, we ensured that the directly reflected beam was not captured by the lens, so only scattered light was recorded.
The experimental scattering spectra are shown in the middle column of Figure 3 (1): the enhancement is maximized when the incident light frequency is on resonance. s-polarized light and p-polarized light excite different resonances due to symmetry: the incident beam and the structure are both mirror-symmetric in the y direction. Therefore, the even (odd) incident beam can only excite even (odd) resonances with respect to y, as is described in [20, 23] . Exemplary line-cuts of the scattering spectra at 4.3
• are shown in the right column, which show that the experimental results agree well with the expected Lorentzian lineshapes.
As we can see in Figure 3 , the resonance-enhanced scattering process is also an efficient way to measure PhC band structures, avoiding the shortcomings of other standard techniques. For example, reflection measurements are often used to measure band structures because Fano features in the spectrum indicate resonances [24] . However, reflection measurements require constantly moving the spectrometer to maintain overlap with the specularly reflected beam. On the other hand, enhanced fluorescence measurements require additional incorporation of emitters and are limited by their emission bandwidth [25] . Finally, enhanced absorption measurements inevitably lower the quality factors of the resonances due to the incorporation of a lossy medium [26, 27] . The method that we present takes advantage of minimal, generic fabrication errors and surface roughness in any high quality (Q ≈ 5, 000) resonator, does not require moving the spectrometer, and allows for a fast and direct measurement of the resonance central frequencies and the quality factors.
Discussion
The experimental iso-frequency contours also give information about the characteristic fabrication errors in the PhC slab, which is not possible to obtain otherwise. As shown in Figure 2 , for a given frequency, the contours corresponding to TM-like resonances (solid lines) are brighter than the contours corresponding to the TElike resonances (dashed lines). This means that the disorder in our sample predominantly couples the initial TM-like resonance to TM-like resonances, which suggests that the major sources of fabrication errors also satisfy up-down mirror symmetry. Therefore, we know that the fabrication errors that do not break up-down mirror symmetry (for example, distortions of the hole shape in the interference process) dominate over those errors that break the up-down mirror symmetry (for example, oblique side walls in the etching process). Furthermore, we can determine the characteristic length scale of the disorder by analyzing the intensity of the iso-frequency contours (Supplementary Section 3) .
Additionally, resonance-enhanced scattering has applications in several display technologies. In particular, transparent displays have been realized using plasmonic resonances [28, 29] , but the high quality factors of photonic resonances, due to negligible absorption and narrow linewidths, may allow for significantly better performance. If the iso-frequency contour is engineered to be at large angles, and therefore far away from a viewing audience, the resonance-enhanced scattering process can be used for a transparent display. A large portion of the ambient light will pass through the display, but light from a laser projector incident at resonant angles will be scattered and form an image. Projecting incoming light of different polarization states or wavelengths could allow for a transparent 3D display. Further, engineering isofrequency contours to direct photons to different angles could create a privacy screen [30] . By projecting light at a specified incident angle, viewers at particular directions could see the strongly-scattered light, while viewers at other angles only see a transparent panel.
To conclude, this article presents theoretical and experimental results on enhanced photon scattering in the presence of a large-area, nearly pristine PhC slab. We use this phenomenon to measure the band structure of a PhC slab and to directly reconstruct its iso-frequency contours. The iso-frequency contours also give information about the dominant fabrication errors in a sample, and can thus be a useful tool for improving the fabrication process.
Sample Fabrication: The Si 3 N 4 layer was grown by low-pressure chemical vapor deposition on a 6µm-thick cladding of SiO 2 on the backbone of a silicon wafer (LioniX). The wafer was then coated with an anti-reflection polymer coating, a thin SiO 2 intermediate layer, and a layer of negative photoresist. The square lattice pattern was created with Mach Zehnder interference lithography using a 325-nm He/Cd laser. The angle between the two arms of the laser beam was chosen for a periodicity of 336 nm, and the hole exposure was selected for a hole radius of 103 nm. After exposures, the pattern in the photoresist was transferred to the Si 3 N 4 by reactive-ion etching. Derivation of Total Scattered Light: We determine the total scattered power using temporal coupled-mode theory [8] [9] [10] . The system consists of a PhC slab resonator with one input port and two output ports (Fig.  S1 ). Let the incoming wave s 1+ couple to the resonator Schematic of a resonator with input channel s1+, output channels s1− and s2−, and resonant decay channels with lifetimes τ1, τ2, and τscat.
with coupling constant κ, and let the resonant mode couple to the outgoing waves s 1− and s 2− with coupling constants d 1 and d 2 , respectively. In addition to the resonance-assisted processes, the incoming and outgoing waves are coupled by a direct scattering matrix C, which has the form
where r and t are constants with |r| 2 + |t| 2 = 1. In this case, the direct reflection is small because of the low index contrast between the slab and the surrounding liquid, so we can approximate r = 0 and t = i. Let A be the amplitude of the resonant electromagnetic field, which is normalized such that |A| 2 is the energy in the slab. With an incident field oscillating at frequency ω, A can be written as
Here, ω 0 is the center frequency of the resonance and τ is the lifetime of the resonance. τ can be broken down into several decay channels [ Fig. S1 ]. First, the resonance can decay into two radiative channels, with lifetimes τ 1 and τ 2 . Additionally, the resonance can decay into a nonradiative scattering channel with lifetime τ scat . For highquality PhC slabs made of low-loss dielectrics, absorption is negligible, so we do not need to consider an absorption decay channel. Then 1/τ = 1/τ 1 + 1/τ 2 + 1/τ scat . Conservation of energy requires that |d 1 | 2 = 2/τ 1 and |d 2 | 2 = 2/τ 2 . Then because of the symmetry of the system, τ 1 = τ 2 . Finally, we excite odd modes with respect to z, so d 1 = −d 2 . Defining the radiative lifetime 1/τ r = 1/τ 1 + 1/τ 2 , this gives
Because of time-reversal symmetry, κ = d 1 . For simplicity, we can define γ i as the decay rate for each channel, such that γ i = 1/τ i . Then equations S2 and S3 become:
The scattered power is given by 1 − R − T , where R and T are reflection coefficients given below.
The scattered power is then
Derivation of Resonance Decay Rate: The following is a simple derivation to highlight the physical process; a more rigorous version involves decomposing the Green's function of the system in the basis of normalized Bloch modes [31] . Consider an electric dipole in free space. The free-space spontaneous decay rate of the dipole is [32] 
where µ is the dipole moment. The decay rate is proportional to the density of states D(ω) of the system. In free space, the number of eigenmodes in a volume V with eigenfrequencies less than ω 0 is (S12)
If we divide equation S10 by D(ω), we find
where N 0 is the number density of dipoles. We then multiply by the spectral density of states of the photonic crystal, which we can express as a sum of Lorentzian for each resonance, as in Ref. [33] .
Γ(k out , ω) = N 0 πω|µ| (ω − ω n kout ) 2 + (∆ω n kout ) 2 .
(S14) where n labels different PhC resonances at a given k out , α n represents the coupling between the initially excited resonance and the final resonance mediated by the surface roughness, ∆ω 600 nm contours. Insets: the blue cross corresponds to the reflected beam, and numbered red dots refer to the scattered light at four k-points studied here. The bottom row shows calculated spatial Fourier coefficients of the disorder for the same four points in (c) 580 nm and (d) 600 nm contours. The 580 nm contours have a smaller spread in k, which gives data on the lower end of ∆k that is complimented by the data from the 600 nm range.
